In this paper we investigate the spectrum and spectrality of the one-dimensional Schrodinger operator with a periodic PT-symmetric complex-valued potential.
Introduction and Preliminary Facts
In this paper we investigate the one dimensional Schrödinger operator L(q) generated in L 2 (−∞, ∞) by the differential expression − y ′′ (x) + q(x)y(x),
where the potential q is complex-valued, locally integrable, periodic and PT-symmetric. Without loss of generality, we assume that the period of q is 1. Thus q ∈ L 1 [0, 1], q(x + 1) = q(x), q(−x) = q(x) (a.e.).
A basic mathematical question of PT-symmetric quantum mechanics concerns the reality of the spectrum of the considered Hamiltonian (see [2, 15 and references of them]). In the first papers [1, 3, 5, 6, 10] about the PT-symmetric periodic potential, the appearance and disappearance of real energy bands for some complex-valued PT-symmetric periodic potentials under perturbations have been reported. Shin [17] showed that the appearance and disappearance of such real energy bands imply the existence of nonreal band spectra. He involved some condition on the Hill discriminant to show the existence of nonreal curves in the spectrum. Caliceti and Graffi [4] found explicit condition on the Fourier coefficient of the potential providing the nonreal spectra for small potentials. Besides, they proved that if all gaps of the spectrum of the Hill operator L(q) with distributional potential q are open and the width of the n-th gap does not vanish as n → ∞, then the spectrum of L(q) + gW, where W is a bounded periodic function and g is a small number, is real. This result can not be used for the locally integrable periodic potentials (2) , since the width of the n-th gap vanishes as n → ∞.
In this paper, we first consider the general spectral property of the spectrum of L(q) under conditions (2) and prove that the main part of its spectrum is real and contains the large part of [0, ∞). Using this we find necessary and sufficient condition on the potential for finiteness of the number of the nonreal arcs in the spectrum of L(q). Besides we find necessary and sufficient conditions for the equality of the spectrum of L(q) to the half line. Finally, we consider the connections between spectrality of L(q) and the reality of its spectrum for some class of PT-symmetric periodic potentials. Now let us list the well-known results, as Summary 1-Sammary 7, about L(q) which will be essentially used in this paper. Note that we formulate the well-known results from the books [7, 19] and the papers [11, 13, 14, 16, 17] in the suitable form for this paper and by using the unique notation, since the different notations were used in those references.
Summary 1
The spectrum σ(L) of the operator L is the union of the spectra σ(L t ) of the operators L t for t ∈ (−π, π] generated in L 2 [0, 1] by (1) and the boundary conditions y(1) = e it y(0), y ′ (1) = e it y ′ (0).
Summary 2 The eigenvalues of L t are the roots of the characteristic equation
where F (λ) := ϕ ′ (1, λ) + θ(1, λ) is the Hill discriminant, θ and ϕ are the solutions of − y ′′ (x) + q(x)y(x) = λy(x)
satisfying the initial conditions θ(0, λ) = ϕ ′ (0, λ) = 1, θ ′ (0, λ) = ϕ(0, λ) = 0.
The following 2 summaries immediately follows from summaries 1 and 2.
Summary 3 σ(L
The following summary was proved in [16, 20] Summary 5 The spectrum σ(L) consist of analytic arcs whose endpoints are the eigenvalues of L t for t = 0, π and the multiple eigenvalues of L t for t ∈ (0, π). Moreover σ(L) does not contain the closed curves, that is, the resolvent set C\σ(L) is connected.
Let (2) holds. Then using Summary 3 one can readily see that the function Φ(x, λ) := Ψ(−x, λ) satisfies the equation −y ′′ (x) + q(x)y(x) = λy(x) and the equality
It means that λ ∈ σ(L t ). Hence we have
Summary 6 If (2)holds then the following implications hold
The first and second implications were proved in [11] and [17] respectively.
The following summary is proved in [17] (see Theorem 3 and Corollary 4).
In Section 2 we use these summaries and the uniform asymptotic formulas for the eigenvalues of L t (q) obtained in [22] and [23] and formulated as Summary 8 and Summary 9 in order to describe the spectrum of the operator L(q) with the potential (2). In the last section using the results of Section 2 and the papers [23, 27] we consider in detail the shape of the spectrum and the asymptotic connection of reality of σ(L) and spectrality of L.
On the Spectrum of L(q)
In the case q = 0 the eigenvalues and eigenfunctions of L t (q) are (2πn+t)
2 and e i(2πn+t)x for n ∈ Z respectively. In [27] we proved that the eigenvalues of L t can be numbered (counting the multiplicity) by elements of Z such that, for each n the function λ n (t) is a piecewise differentiable on [0, π] and λ n (−t) = λ n (t) (see Summary 3). Thus
where Γ n = {λ n (t) : t ∈ [0, π]} (see (16) of [27] ). In future we call Γ n as component of σ(L(q)). Moreover, it follows from the construction of Γ n that
where |Γ n | is the length of Γ n and d(Γ n , 0) is the distance from Γ n to origin. Besides one can readily see the following properties of the components Γ n .
Proposition 1 (a) Γ n is a single open curve with the end points λ n (0) and λ n (π).
(b) Two components Γ n and Γ m may have at most one common point.
Proof. (a) It follows from (3) and (4) that λ n (t 1 ) = λ n (t 2 ) for 0 ≤ t 1 < t 2 ≤ π. Therefore Γ n is a single open curve and hence has two end points. Since λ n : [0, π] → Γ n is a piecewise differentiable functions it maps the ends of [0, π] to the ends of Γ n .
(b) The inequality λ n (t 1 ) = λ m (t 2 ) for t 1 = t 2 implies that the components Γ n and Γ m has a common point if and only if there exist t ∈ [0, π] such that λ n (t) = λ m (t). It means that λ n (t) is a multiple eigenvalue of L t and hence is the roots of F ′ (λ) = 0, where F (λ) is the Hill discriminant defined in Summary 2. Since F (λ) is a nonzero entire function, the set of zeros of F ′ (λ) is a discrete set and has no finite limit points. Therefore, by the inequality in (7), two components can have only finite number common points. If the common points of Γ n and Γ m are more than one, then there exist t 1 and t 2 such that 0 ≤ t 1 < t 2 ≤ π and
for all t ∈ (t 1 , t 2 ) and τ ∈ (t 1 , t 2 ). However, it implies that
is a closed curve which contradicts Summary 5.
Remark 1 Note that if λ n (t) for t ∈ (0, π) and t = 0, π is a multiple eigenvalue of L t (q) of multiplicity p, then p components of the spectrum have common interior and end point λ n (t) respectively. In particular, λ n (t) is a simple eigenvalue if and only if it belong only to one component Γ n .
These arguments with summaries 5 and 6 yield the following Theorem 1 Suppose that (2) holds.
(a) If λ n (t 1 ) and λ n (t 2 ) are real numbers, where 0 ≤ t 1 < t 2 ≤ π then γ := {λ n (t) : t ∈ [t 1 , t 2 ]} is an interval of the real line.
(b) If the eigenvalues λ n (0) and λ n (π) are real numbers then λ n (t) are real eigenvalues of
(c) The spectrum of L(q) is completely real if and only if all eigenvalues of L 0 (q) and L π (q) are real, that is, the roots of (F (λ)) 2 = 4 are the real numbers.
Proof. (a) If γ is not an interval of the real line, then, by Summary 6, σ(L) contains a closed curve γ ∪ γ, where γ = λ ∈ C : λ ∈ γ , which contradicts Summary 5.
(b) Since λ n (0) and λ n (π) are the end points of Γ n , (b) follows from (a).
(c) If the spectrum of L(q) is real, then by Summary 1 the eigenvalues of L 0 (q) and L π (q) are real. Now suppose that all eigenvalues of L 0 (q) and L π (q) are real. It means that the eigenvalues λ n (0) and λ n (π) are real numbers for all n. Then, by (b), Γ n for all n and hence, by (6) , σ(L) is completely real. Now to consider, the reality of the spectrum in detail, we investigate the points in which the spectrum ceases to be real. These points are crucial and can be defined as follows. Proof. Let λ n (t) be a complexation point. If λ n (t) is a simple eigenvalue, then by Remark 1, λ n (t) belong to Γ n and does not belong to Γ m for m = n. Moreover, there exists a neighborhood U := {λ ∈ C : |λ − λ n (t)| < δ} of λ n (t) such that U ∩ Γ m = ∅ for all m = n. Then by Definition 1 and Summary 6 there exist a nonreal number λ ∈ U and t 0 ∈ (0, π) such that λ ∈ (Γ n ∩ σ (L t0 (q))) and λ ∈ (Γ n ∩ σ (L t0 (q))) which contradicts (7) . Now suppose that λ n (0) is a complexation point and multiple eigenvalue of multiplicity two. Then, by Remark 1, there exists m = n such that λ m (0) = λ n (0) and λ k (0) = λ n (0) for all k = n, m. Therefore using Definition 1 and taking into account the continuity of λ k (t) for all k ∈ Z, we see that there exist ε > 0 and δ > 0 such that at least one of the sets {λ n (t) : t ∈ [0, ε]} and {λ m (t) : t ∈ [0, ε]} is the interval of the real line and
Suppose, without loss of generality, that {λ n (t) : t ∈ [0, ε]} ⊂ R. Then by (8) and Definition 1 there exist t ∈ [0, ε] and δ > 0 such that λ m (t) ∈ {λ ∈ C : |λ − λ n (0)| < δ} \R. These arguments with (7), (8) and Summary 6 imply that λ m (t) belong to σ(L(q)) and does not belong to Γ k for any k ∈ Z. It contradicts (6) . In the same way we consider λ n (π) Now we consider the large eigenvalues by using the uniform asymptotic formulas for the Bloch eigenvalues obtained in [22, 23] and then combining it with the above results we will describe the spectrum lying outside of some disk. In [22] (see Theorem 2) we proved that the large eigenvalues of the operators L t (q) for t = 0, π consist of the sequence {λ n (t) :| n |≫ 1} satisfying
as n → ∞ and the formula (9) is uniform with respect to t in [h, π − h], where h is a fixed number and, without loss of generality, it is assumed that the integral of q over [0, 1] is 0.
In future we assume that h ∈ (0, 1/15π). The following summary follows from (9).
Summary 8 For any fixed h, there exists an integer N (h) and positive constant
there exists unique, counting multiplicity, eigenvalue λ n (t) satisfying
The eigenvalue λ n (t) is simple for all |n| > N (h) and
Moreover, as it was shown in [23] (see (20) and Remark 2.11of [23] ) and [27] (see page 60 of [27] ) N (h) can be chosen so that the following holds.
Summary 9
For t ∈ [0, h] and n > N (h) there exist two eigenvalues, counting multiplicity, denoted by λ n (t) and λ −n (t) and satisfying
Similarly, for t ∈ [π − h, h] and n > N (h) there exist two eigenvalues, counting multiplicity, denoted by λ n (t) and λ −n−1 (t) such that
In [26] we proved that the eigenvalues of L t can be numbered (counting the multiplicity) by elements of Z such that, for each n the function λ n (t) is continuous on [0, π] and for |n| > N (h) the inequalities (10)- (12) hold. Moreover, the components Γ n of the spectrum defined in (6) is constructed due to this numerations. Therefore inequalities (11) and (12) and Proposition 1 yield the following.
and hence the components Γ n and Γ −n have the common point λ n (t). Similarly, if
and hence the components Γ n and Γ −n−1 have the common point λ n (t).
(c) If n is a positive (negative) number, then the left and right ends of Γ n are λ n (0) (λ n (π)) and λ n (π) (λ n (0))respectively. Now using the above arguments we describe the shapes of Γ n for |n| > N (h).
Theorem 3 Suppose that (2) holds and |n| > N (h).
(a) λ n (t) for t ∈ [h, π − h] are real and simple eigenvalues.
) the double eigenvalues λ n (t) are the real numbers.
Proof. (a) By Summary 8, λ n (t) for t ∈ [h, π−h] are the simple eigenvalues. If λ n (t) / ∈ R for some t ∈ [h, π − h], then λ n (t) = λ n (t) and by Summary 6 both are eigenvalues of L t (q) satisfying (10), which contradicts Summary 8.
(b) If the double eigenvalue λ n (t) for t ∈ [0, h] is nonreal then arguing as in the proof of (a) we conclude that there exist four eigenvalues (counting the multiplicity) satisfying (11) which contradicts Summary 9. In the same way the case t ∈ [π − h, π] can be considered Thus the part {λ n (t) : t ∈ [h, π − h]} of Γ n is the interval of the real line. The following theorem shows that, in fact, very large part of Γ n consists of the interval of the real line.
Theorem 4 Suppose that (2) holds and |n| > N (h).
(a) There may exists at most one number ε n and π−δ n in [0, h) and (π−h, π] respectively, such that λ n (ε n ) and λ n (π − δ n ) are double eigenvalues. Then
(b) The eigenvalues λ n (t) for t = [0, π]\ {ε n , π − δ n } are simple and are not complexation points. Moreover ε n → 0 and δ n → 0 as n → ∞.
(c) The double eigenvalues λ n (ε n ) and λ n (π − δ n ) are complexation points if and only if ε n = 0 and δ n = 0 respectively.
Proof. (a) Suppose to the contrary that there exist two numbers t 1 and t 2 such that both λ n (t 1 ) and λ n (t 2 ) are the double eigenvalues, where 0 ≤ t 1 < t 2 < h. Then by Proposition 2(b) the components Γ n and Γ −n have two common points λ n (t 1 ) and λ n (t 2 ) which contradicts Proposition 1(b). The case (π − h, π] can be considered in the same way. The equalities and inclusions in (13) follows from Proposition 2(b) and Theorem 3(b) respectively.
(b) The simplicity of eigenvalues λ n (t) for t = [0, π]\ {ε n , π − δ n } follows from Summary 8 and definitions of ε n and π−δ n . Then by Theorem 2 these eigenvalues are not complexation points. The relations ε n → 0 and δ n → 0 as n → ∞ are well-known. It readily follows from Summary 8 and from the asymptotic formulas
as λ ∈ R and λ → ∞ (see [12, (c) Theorem 2 implies that λ n (t) for t = 0, π are not complexation points since by Proposition 2(a) their multiplicities is not greater than 2. Therefore it follows from (b) that if λ n (t) is a complexation point, then either t = ε n = 0 or t = π − δ n = π. Consider λ n (t) for t = ε n and ε n = 0. By Theorem 3, λ n (ε n ) and λ n (h) are real numbers. Therefore by Theorem 1 the set {λ n (t) : t ∈ [ε n , h]} ⊂ Γ n is an interval of the real line. Since ε n = 0,π, by Summary 7 any neighborhood of the double eigenvalue λ n (ε n ) contains a nonreal number from σ(L(q)) . Thus, by Definition 1, λ n (ε n ) is a complexation point. In the same way we prove that λ n (π − δ n ) is a complexation points.
(d) By (13) and Theorem 1 the subset {λ n (t) : t ∈ [ε n , π − δ n ]} of Γ n is an interval of the real line. To prove the relation γ(0, ε n ) ⊂ C\R , first let us prove that {λ n (t) : t ∈ (0, ε n )} ⊂ C\R. Suppose there exists t 0 ∈ (0, ε n ) such that λ n (t 0 ) is a real number. Then by Theorem 1 {λ n (t) : t ∈ [t 0 , ε n )} ⊂ R. It with the first statement of (d) implies that there exists a small neighborhood U := {λ ∈ C : |λ − λ n (ε n )| < δ} of λ n (ε n ) which does not contain a nonreal number from Γ n . If λ −n (t) ∈ U \R for some t ∈ [0, h], then λ −n (t) = λ −n (t) and by Summary 6 both are eigenvalues of L t (q) satisfying (11) . Then there exist three eigenvalues (counting the multiplicity) satisfying (11) which contradicts Summary 9. Hence U does not contain a nonreal number from Γ −n too. Moreover, it readily follows from summaries 8 and 9 that U ∩ Γ k = ∅ for all k = n, −n. Thus U does not contain a nonreal number from σ(L(q)). However it is impossible, since λ n (ε n ) is a complexation point. It remains to prove that λ n (0) is not a real number. If we suppose to the contrary that λ n (0) is a real number, then we obtain that the curve {λ n (t) : t ∈ [0, ε n ]} with its symmetry forms a closed curve in the spectrum, which contradicts Summary 5. Thus γ(0, ε n ) ⊂ C\R. The proof of γ(π, δ n ) ⊂ C\R is the same Proof. We prove the theorem for n > N (h) and λ n (0). The proofs for the other cases are the same. If the eigenvalue λ n (0) is a real number then by Theorem 1 {λ n (t) : t ∈ [0, h]} ⊂ R, since λ n (h) is also real number (see Theorem 3(a)). It means that the left tail absent. Now suppose that λ n (0) is a nonreal number. Denote by t 0 the smallest number in [0, h] such that λ n (t 0 ) is real. Then {λ n (t) : t ∈ [t 0 , π − h]} ⊂ R and any neighborhood of λ n (t 0 ) contains a nonreal number λ n (t), where t ∈ [0, t 0 ). It means that λ n (t 0 ) is a complexation point and {λ n (t) : t ∈ [0, t 0 )} is the left tail of Γ n Now we find the necessary and sufficient conditions in which σ(L(q)) is a half line.
Theorem 6 Suppose that (2) holds. Then the spectrum of L(q) is a half line if and only if the followings hold:
(i) one eigenvalue of L 0 (q) is simple and the all others are double, (ii) all eigenvalues of L π (q) are double.
Proof. First suppose that σ(L(q)) = [a, ∞) for same a. Then the components Γ n of the spectrum σ(L(q)) are the intervals of the real line and the left end of the first interval is a. Since these intervals may have at most one common points (see Proposition 1(b)), that is, do not overlap each other and a is the leftmost point of the spectrum it is the end only of one component of the spectrum. Therefore by Remark 1 it is a simple eigenvalue. Moreover, using the asymptotic formulas (14) for F (λ) and taking into account that F (λ) ∈ R for λ ∈ R (see Summary 7) we see that the graph {(λ, F (λ)) : λ ∈ R)} of F (λ) intersect the line y = 2 before the line y = −2. Therefore a is the simple eigenvalue of L 0 (q). Thus by Proposition 1(b) the right end point b of the first component is the eigenvalue of L π (q). Since σ(L(q)) has no gaps, b is the left end point of the second interval. Therefore b is the double eigenvalue of L π (q). The right end point of the second interval is the eigenvalue c of L 0 (q). Since σ(L(q)) has no gaps, c is the left end point of the third interval and hence c is the double eigenvalue of L 0 (q). Continuing this procedure we obtain that all eigenvalues of L 0 (q) except a and all eigenvalues of L π (q) are double. Now suppose that (i) and (ii) holds. Let λ k (0) be the simple eigenvalue of L 0 (q). Then by Remark 1 it is end point of only one component Γ k . If λ k (0) is nonreal then by Summary 6, λ k (0) is also an eigenvalue of L 0 (q) and is end point of only one component. It implies that λ k (0) is also a simple eigenvalue of L 0 (q) which contradict to (i). Thus λ k (0) is real. Now consider the connectedness of σ(L(q)). Let m > max {|k| , N (h)} . Then it readily follows from Proposition 2(b) and (i), (ii) that
It means that Γ := n:|n|>m Γ n is a connected curve. Consider γ = n:|n|≤m Γ n . Suppose that γ is not a connected curve, that is, there exist at least two separated curves γ 1 and γ 2 lying in γ. Then γ 1 and γ 2 have 4 end points denoted by a 1 , a 2 , a 3 and a 4 . One of them, say a 1 is λ k (0). It readily follows from Proposition 2(b) that one of others, say a 4 , is λ m (π) ∈ Γ and a i for i = 2, 3 do not belong to Γ. It is also clear that there exist p such that a 2 is the end point of Γ p and is not end point of Γ s for s = p. It, by Remark 1, implies that a 2 is a simple eigenvalue of either L 0 (q) or L π (q). It contradicts (i) and (ii), since a 2 = a 1 . Thus we proved that γ is a connected curve with end points a 1 and a 4 = λ m (π) ∈ Γ. Therefore σ(L(q)) is a connected curve with one left end point a 1 ∈ R. On the other hand, by Theorem 3(a) we have λ n (h) ∈ R for all n > m. Therefore repeating the proof of Theorem 1(a), we see that the part of σ(L(q)) from a 1 ∈ R to λ n (h) ∈ R, where n > m, is the interval [a 1 , λ n (h)] .
Letting n tend to infinity we get σ(L(q)) = [a 1 , ∞)
3 Reality and non-reality of Γ n for large n
To consider the reality of Γ n for large n we use the following theorem. Now we find the conditions on the Fourier coefficients of the PT-symmetric potential q for reality and non-reality of Γ n for large n. For this first of all we need to consider the Fourier coefficient of the potentials (2) . In general the locally integrable periodic function has no Fourier decomposition. However we can consider the Fourier coefficients
Theorem 7 Suppose that (2) holds and |n| > N (h). Then the followings are equivalent
for n ∈ Z. It is clear and well-known that if q is PT-symmerric, then using the substitution t = −x one can get the equality
which means that q n ∈ R for all n ∈ Z. First to find the necessary and sufficient conditions on the potential for reality and nonreality of Γ n we construct some class of periodic PT-symmetric function as follows. Let S p be the set of 1 periodic PT-symmetric functions q ∈ W
for some s ≤ p and there exist positive constants c 1 , c 2 , c 3 and N > 0 satisfying
In particular, S 0 is the set of 1 periodic PT-symmetric functions q ∈ L 1 [0, 1] satisfying
Besides we use the following formulas obtained in [23] (see (40)- (44) of [23] ). In [23] we proved that λ n (t) satisfies the equations
where
The functions B and B ′ are obtained respectively from A and A ′ by replacing q −n1−n2−...−n k with q 2n−n1−n2−...−n k and q −2n−n1−n2−...−n k . One can readily see from (20)- (22) that
if λ, t and the Fourier coefficients q n for n ∈ Z are real number. Moreover, there exists a constant K such that the following inequalities hold (see (56) of [23] )
Besides the equalities
hold uniformly with respect to t in [0, h] (see (57) and (46) of [23] ). [23] under conditions (17) and (18) (see Theorem 2.4) . In [25] we proved ([see Theorem 2 and (35) , (37) of [25] ]) that λ n (t) satisfies (19) without conditions (17) and (18) which readily follows from (37) and (38) of [23] (see the first paragraph of the proof of Theorem 2 of [25] ).
Remark 2 Formula (19) is proved in

Theorem 8 Suppose that (2) holds, n is a large number and t ∈ ([0, h] ∪ [π − h, π]) . Then the eigenvalue λ n (t) is real if and only if
Proof. We prove the theorem t ∈ [0, h]. The proof for t ∈ [π − h, π] is the same. Suppose that λ n (t) is real. Since the Fourier coefficients of the PT-symmetric function q are real numbers (see (16) ), by (23) we have
Therefore the right side of (19) for λ = λ n (t) are nonnegative, that is, (26) holds. Now suppose that (26) holds. Then, by (19) , the relation (27) holds too. It remains to show that (27) implies the reality λ n (t). Suppose that λ n (t) is nonreal. Since F (λ n (t), t) is real number (see (27) ), from (20)-(22) one can readily see that F (λ n (t), t) = F λ n (t), t from which by using (24) we obtain the following contradiction
The theorem is proved The following corollary immediately follows from theorems 3, 7 and 8.
Corollary 1 Suppose that (2) holds and n is a large number. Then Γ n ⊂ R if and only if
Now using this corollary, (18) and (25) we prove the following.
Theorem 9
Suppose that q ∈ S p and n is a large number. Then Γ n ⊂ R if and only if
Proof. It follows from (25) that
This with (18) implies that
as n → ∞. Now suppose that (29) holds. Then by Theorem 2.12 of [23] the eigenvalue λ n (t) is simple for all t ∈ [0, π]. Therefore, by Theorem 7, Γ n is real. Now suppose that Γ n is real. Then by Corollary 1, (28) holds. The first equality in (28) with (31) imply that q 2n q −2n > 0, since q 2n q −2n is real (see (16) ) and nonzero (see (18) ). In the same way using the second equality in (28) we obtain q 2n+1 q −2n−1 > 0
In [18] we proved that if (17) holds then
where Q k and S k are the Fourier coefficients of the function Q and S defined by
(see Lemma 6 of [18] ) and −S ±2n + 2Q 0 Q ±2n are real numbers (see page 655). Moreover
(see page 658 of [18] ). Therefore using (30), (32) and (33) we obtain
If there exist c such that
then we have
Therefore using (35), Theorem 8 and Theorem 5 we obtain Theorem 10 If (2), (17), (34) hold, n is a large number, and P n < 0 then Γ n has the nonreal tails. Now let us consider the connections between the reality of σ(L(q)) and the spectrality of L(q) for q ∈ S p . In [13] it was proved that L(q) is a spectral operator if and only if
where e(t, γ) be the spectral projection defined by contour integration of the resolvent of L t (q), γ ∈ R and R is the ring consisting of all sets which are the finite union of the half closed rectangles (see Theorem 3.5) . Note that the spectral singularities of the operator L(q) are the points of its spectrum in neighborhoods of which the projections of e(t, γ) are not uniformly bounded (see [9] and [21] [22] [23] ). Therefore if L(q) has a spectral singularity then it is not spectral operator. However may be σ(L(q)) does not contain a spectral singularity nevertheless L(q) is not a spectral operator. It happens if e(t, γ) → ∞ as γ goes to infinity. In this case we say that L(q) has a spectral singularity at infinity (see Definition 3.2 in [23] ). According to (36), we say that L(q) as an asymptotically spectral operator if the inequality obtained from (36) by replacing R with R(C) holds, where C is a large positive number and R(C) is the ring consisting of all sets which are the finite union of the half closed rectangles lying in {λ ∈ C :| λ |> C} (see Definition 3.6 in [23] ). If L(q) is an asymptotically spectral operator then it has noncomplicated spectral expansion (see Theorem 4 in [27] ).
Theorem 11 (a) Let |n| > N (h) and a ∈ (0, π). Then the followings are equivalent. holds. In [23] we proved that if (29) holds then L(q) is asymptotically spectral operator, that is, if 2) holds then 1) holds too. Now suppose that 2) does not hold. Then by Theorem 9 there exists a sequence {n k } such that Γ n k is not a real interval that is contains a nonreal tail. Then by (a) there exist t n k ∈ (0, π) such that λ n k (t n k ) is a spectral singularity. It means that the conditions of Theorem 1(c) of [27] does not hold and hence L(q) is not an asymptotically spectral operator. Thus 2) and 1) are equivalent Now we consider a simple example that helps to see the complexity of the relations between the spectrum and spectrality of the PT-symmetric periodic operators. 
where a and b are the real numbers, that is, q is a PT-symmetric potential.
To consider the spectrum of these operators we use the following results of [24] formulated as Summary 10 (see Theorem 1 and (26) of [24] ). , b) ) and H t (c, d) have the same characteristic equation (4) .
By this summary if ab > 0 then the spectra of H(c, d) and H t (a, b) coincide with the spectrum of the self adjoint operators L(2c cos 2πx) and L t (2c cos 2πx) respectively, where c is a positive square root of ab. It is well-known that (see Chapter 21 of [19] and Chapter 2 of [7] ) all eigenvalues of L t (2c cos 2πx) for all t ∈ [0, 2π) are real and simple and all gaps in the spectrum of L(2c cos 2πx) are open. Therefore we have the following. H(a, b) we use the following results of [25] and [27] formulated as Summary 11 (see Prop. 3 and Theorem 6 of [25] and Corollary 1 of [27] ). (d) shows that the main part of the spectrum of L(q) with PTsymmetric periodic potential is real. Indeed, since ε n → 0 and δ n → 0 as n → ∞, the length of the real part {λ n (t) : t ∈ [ε n , π − δ n ]} of Γ n for n > N (h) is of order 4π 2 n, while the length of the nonreal tails {λ n (t) : t ∈ [0, ε n )} and {λ n (t) : t ∈ (π − δ n , π]} is O(nε n ) and O(nδ n ) respectively. Moreover, instead of (14) using more sharp estimation one can show that ε n and δ n approach zero rapidly for smooth potential. For example if q ∈ S p then q n = o(n −s ) and the points ε n , π − δ n corresponds to zero of D defined in (19) . It with (25) implies that ε n = o(n −s−1 ), δ n = o(n −s−1 q(x + 1) = q(x), q ∈ L 1 [0, 1], q −n = 0, q n ∈ R\ {0} , ∀n = 1, 2, ...
then q is PT-symmetric potential and the spectrum is completely real: σ(L(q)) = [0, ∞). Nevertheless L(q), in general, has no orthogonal projections and has infinitely many spectral singularities (see [8, 26] ). In this example λ n (0) and λ n (π) are the spectral singularities if they are double eigenvalues and there exist associated function corresponding to their eigenfunctions. Moreover, it happens for almost all potentials (38) (see [28] ). If λ n (0) and λ n (π) are simple and nonreal for n > N (h) then Γ n has complexation points λ n (ε n ) and λ n (π − δ n ) which are spectral singularities (see Theorem 11(a) ). Thus, in this case L(q) also has infinitely many spectral singularities and hence is not asymptotically spectral operator. Theorem 11 shows that if λ n (0) and λ n (π) are real and simple eigenvalues for large n then the PT-symmetric operator L(q) may have only finitely many spectral singularities and is asymptotically spectral. Hence the simplicity plus reality of λ n (0) and λ n (π) for large n, namely the condition (29) on the potential q, provide the PT-symmetric operator L(q) to be close to the self adjoint Hill operator L(q) for q ∈ S p .
Finally, note that Theorem 11(b) (the equivalence of 1) and 3)) shows the asymptotic connection of reality of σ(L(q)) and spectrality of L(q) for q ∈ S p . On the other hand, theorems 12 
